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1 Introduction 

Proper minimal surfaces in R 3 have peculiar properties that are not shared by general 
minimal surfaces; especially in the embedded case. 

It has been proved that, under additional conditions, this family of surfaces has 
strong restrictions on their conformal structures. For instance, Huber and Osserman 
proved that if M is a complete minimal surface with finite total curvature, then M 
has the conformal type of a compact Riemann surface minus a finite number of 
points. In particular it is parabolic, that is, M is not compact and M does not 
carry a negative non-constant subharmonic function. 

In the same context, Collin, Kusner, Meeks, and Rosenberg [1] have proved that 
if M is a properly immersed minimal surface in M 3 , then M(+) = {(^1,^2,^3) £ 
M : £3 > 0} is parabolic. 

These results have motivated the following conjecture: 

Conjecture (Meeks, Sullivan, [3]) If f : M — > M 3 is a complete proper minimal 
immersion where M is a Riemannian surface without boundary and with finite genus, 
then M is parabolic. 

The main goal of this paper is to show a counterexample to the conjecture. 

Theorem There exists x '■ © — > a conformal proper minimal immersion 
defined on the unit disk. 
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The immersion \ is obtained as the limit of a sequence of minimal immersions 
with boundary. These boundaries go uniformly to infinity in such a way that we get 
properness at the limit. 

The aforementioned sequence is constructed in a recursive way. In this process, 
the lemma in page 3 is crucial. In this lemma, we modify a given minimal surface 
X near its boundary to obtain a new minimal surface Y such that the norm of Y 
along the boundary increases with respect to the norm of X and, at same time, the 
norm of Y is controlled by a large enough lower bound in a small neighborhood of 
the boundary. 

The tools we have utilized in the proof of this lemma are those that Nadirashvili 
[4] used to obtain a complete bounded minimal surface in R 3 : Runge's theorem and 
the Lopez-Ros transformation. 

It is important to remark that the geometry of the surface described in the 
theorem is very complicated; the convex hull of the image under x of any closed set 
of D containing an open arc of dH> is R 3 . 

I would like to point out that the same technique of this paper can be used to 
construct a complete minimal surface properly immersed in a ball of R 3 , [2]. 

Acknowledgments. I would like to thank Francisco Martin for suggesting to me 
this line of work and for several informative conversations. I would also like to thank 
Francisco J. Lopez for helpful criticisms of the paper. 



2 Background and Notation 

The purpose of this section is to fix the notation used in the paper and to summarize 
some results about minimal surfaces. 

We set D(z , r) = {z e C : \z — z \ < r}. By a polygon P we mean a closed simple 
curve in R 2 formed by a finite number of straight segments verifying G Int P, where 
Int P denotes the interior domain bounded by the curve P. 

Let X : D — > R 3 be a conformal minimal immersion defined on a simply con- 
nected domain D, and let S = {ei, e 2 , e 3 } be a set of orthogonal coordinates in R 3 . 
We label (X(z)) jtS = (X(z),e i ), j = 1,2,3. We write {X{z)) j instead (X(z)) jjS 
when it is clever which orthogonal frame we are using. 

We define the Weierstrass representation of the minimal immersion X in S, 
<t>(x,s) = {<Pi,s,<p2,s,h,s}, as 

The functions 4>i t s, 4>2,s, 03,s are holomorphic on D, verifying Yl ? j=ii. ( t ) j,s) 2 = and 
Y^j=i \4>j,s\ 2 ^ 0- A s usual, we define: 



f(x,s) = - i<t>2,s and g {x ,s) 



?3,5 



h,S - 1<P2,S 
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For the Weierstrass representation of X, we also denote /(</>,s) = f(x,s) an d 9(<t>,s) — 
9(x,s)- 

Conversely, if we consider S = {ei,e2,e^} a set of Cartesian orthogonal coordi- 
nates in R 3 , and / and g are (respectively) a holomorphic and meromorphic functions 
on D such that 

0^ = 1/(1-/), 0^=1/(1+/), <fa = fg 

are holomorphic functions on D, then 

X : D -> M 3 , 

= ^ f Re / 4> jtS (w)dw J e,- + c, z £ D, c £ R 3 , 

is a conformal minimal immersion. 

We can write the conformal metric associated to the immersion X, \\{z) (•, •), 
in terms of the Weierstrass representation as follows: 

Xx(z) = \\kx, S) {z)\{l + \g { x,s)(z)\ 2 ) = ^lltesjWII- 
Observe that the above formula does not depend on the orthogonal frame S. 

3 Proof of the Theorem 

In order to prove the theorem, we need the following lemma. 

Lemma Let X : O — > 1R 3 be a conformal minimal immersion defined on a simply 
connected domain O with X(0) = 0. Consider r > 0, < s < r/100 and a polygon 
P with P C O , satisfying: 

r < \\X(z)\\ <r + s/2, Vz £ O \ Int P. (1) 

Then, for any b±, hi > 0, there exist a polygon Q and a conformal minimal immersion 
Y : U — ► 1R 3 defined on an open neighborhood of Int Q with Y(0) = 0, such that: 

(a) P C Int Q C IiQ dU dO; 

(b) \\Y{z)-X{z)\\<b 1} VzehAP; 

(c) |||y(z)||-(r + s)|<&2,VzeQ; 

(d) \\Y(z)\\ > r > r/2, \Jz £ Int Q\ Int P. 
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Roughly speaking, in this lemma, we modify a minimal surface X near the 
boundary, (property (b)), to obtain a new minimal surface Y such that the norm of 
Y along a polygon increases with respect to the norm of X, (property (c)), and, at 
same time, the norm of Y is controlled by a lower bound, (property (d)). Properties 
(c) and (d) are crucial to obtain properness. 

This lemma will be proved in Section 4. 

We use the lemma to construct two sequences {X n } n and {P n } n , where P n is a 
polygon, and X n is a conformal minimal immersion defined on a neighborhood of 
Int P n with X n (0) = 0, satisfying the following properties for all n G N: 

(Tl) n P n _x C IntP n and P n C £(0,3); 
(T2) n |||X„(z)|| -r n \ < 2(n j_ 1)2 , Vz G P n ; 
(T3) n \\X n (z)\\ >r^i-^,VzGlntP n \IntP„_ i; 
(T4)„ ||X n (z) < Vz G IntP n _ i; 

(T5) n \x n (z) > anAx^^z), Wz G IntP n _i where {a^j-fc is a sequence such that 
< ak < 1 and {ni=i a fc}j converges to 1/2. 

where r\ = r\-\ + 2/k for > 1 and r\ > 301. 

Sequences {X n } and {P n } are constructed in a recursive way. We can take X\(u+ 
iv) = ri(u, v, 0) and Pi C D(0, 3) a suitable polygon satisfying (T2)i. Suppose that 
we have got Xi, . . . , X„_i and Pi, ... , P„_i. 

Now we construct the n th term. We choose \ 0, with t k < 1/n 2 for all k. 
For each we consider Y k : Uk — ► K 3 and Qfc, given by the lemma, for the following 
data: 

13 1 

X = X n _i, P = P n _i, r = r n _i , s = — , 61 = b 2 = — — N9 , 

n n 2(n + 1)^ 

and O a simply connected domain with IntP n _i C O C P(0,3) and verifying (1). 
From (b) in the lemma, we deduce that the sequence uniformly converges to 
X Tt _i on Int P n _i. This implies that {\y k } uniformly converges to \x n -i 011 m t -Pi-i, 
and hence there is a fc G N such that: 

Ay feo (^) > anXx^iz), Mz G IntP„_i. 

We define X n = Y ko , P n = Qk - It is easy to check (using the lemma) that X n and 
P n verify (Tl) n ,. . . , (T5)„. This concludes the construction of the sequences {X n } 
and {P„}. 

Now, we define A = |J neN Int P n . A is a proper simply connected domain of C, 
(see (Tl) n ); thus A is biholomorphic to a disc. 

From (T4) n , we have {X n } is a Cauchy sequence on compact sets in A. Then 
there exists x '■ A — ► 1R 3 a harmonic map such that {X n } — > x, uniformly on 
compact sets in A. \ nas t ne following properties: 
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• X is minimal and conformal. 

• X is an immersion. Indeed, for any z G A there exists Uq G N such that 
z G IntP no . From Property (T5) n one has that, 

^x k {z) > atXx^iz) > . . . > a k . . . a no+1 X Xno (z) > a k . . . on\ Xno { z ), VA; > no- 
Taking the limit as k — > oo, we deduce that 

\ x (z) > ±\ Xno (z) > 0, 

and so x is an immersion. 

• X is proper. Let B be a compact subset of R 3 . Consider n such that for all 
k > n , one has 

INK^-^-s, WpeB (2) 
and, (using (T3) n and (T4) n ), for all z G Int P k \ IntP fe _i: 

llx(*)ll > rj f- ~ Yk ~ llXk{z) " x{z)l1 >r ^t~Yk~ 2 - (3) 

From (2) and (3), we have x^(B) n (IntP fc \ IntP fc _i) = 0, V/c > n . Then 
X^{B) C IntP no . This implies that x~ l {B) is compact. 

This completes the proof of the theorem. 

4 Proof of the lemma 

To prove the lemma, we modify the immersion X such that it changes almost any- 
thing on Int P. The aim of this modification is increasing the norm of X to get (c) 
and (d) in the lemma at the same time. 

The proof of the lemma consists of two inductive process. In the first one, 
we obtain a new minimal immersion X n defined on a simply connected domain Vt 
containing Int P. The new immersion X n is close to X on Int P and its norm is 
greater than r + s at ai, . . . , a n , a finite collection of points around the boundary of 

a 

In the second process, from X n we obtain a new minimal immersion Y defined 
on f2 that proves the lemma. To construct Y, we increase the norm of X n along n 
curves of dVt that join the points a^. As a consequence, Y verify (c) for Q a polygon 
near dVL. Also, Y is close to X n on Int P, and then Y and X are close on Int P. 

In both processes, we need to control the immersions in such a way that (d) 
holds. 
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First, we prepare the first process. We are going to fix some constants and a 
finite collection of point Pi, ■ ■ ■ ,p n around the polygon P that we will use along this 
proof. Our purpose is add poles at the points Pi to the Weierstrass representation 0° 
of X, in order to increase the norm of the immersion at the aforementioned points 
a±, . . . ,a n . 

We define the following constants: 

La) A > 1 such that A 3 < 2 and A(r+s)-2A 3 A/A 4 (r + s) 2 - r 2 > r-2y/Jr + s) 2 - r 2 ; 
Lb) s' = +^\\r + s) 2 -r 2 ; 

l.c) 1 > eo > chosen small enough so that certain inequalities that we are going 
to use in this paper, were true, eo only depends on r, s, b±, A and s'. 

Let P' be a new polygon and W a simply connected open set such that P C 
Int P' C Int P' C W C W C O. For a small enough neighborhood E of P' (with 
E C W \ Int P), we can define a continuous map S, where S(z), Wz G E is a set of 
orthogonal coordinates in M 3 , {ei(z), e 2 (z), e 3 (z)} with e 3 (z) = m ■ 




Figure 1: Distribution of the points p». 



We choose a finite collection of point {p±, . . . ,p n } C E 1 , (we label p„+i = pi), 
such that the segments pTp2, . . . , p n -iPn, PnPn+i forme a new polygon P C E and 
verifying the following properties: 
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2.6) for alH = 1, . . . , n, there exists a disc B l <Z E with p h p i+ i e and small 
enough so that X is close to a constant map on i.e. 

||X(^) -XHH < e , V^Gfi 1 ; (4) 

2.b) for all i = 1, . . . ,n, the sets of orthogonal coordinates S(pi) and S(p i+ i) are 
close, i.e. 

||e}-e} +1 || <e , V j G {1,2,3}; (5) 
where we label e* = ej{pi). 

2.6) for all i = 1, . . . , n, 

f(.x,s(pi))(Pi) + 0. (6) 
We can choose pi,...,p n verifying (6) because f(x,s(p))(p) — can not hold 
on any open subset. If we have f(x,s(p))ip) = on an open subset then, X(p) 
is parallel to the normal vector of X at p, X(p) = \\X(p)\\N(p), but this is 
impossible on an open set for X minimal immersion. 

Note that n diverges as e — > 0. 

We define n complex numbers 9 1 , . . . , 9 n , with \6i\ = 1 and Im#j ^ such that 



W f(X,S(j>i))(Pi) - a — f(X,S(p i+1 ))(Pi+l) 
t>i— ; — — ~~ C/i+i-j 



I f(X,S(pi)) (Pi)\ I f(X,S( Pi+1 )) (Pi+l) I 



< e , Vi = 1, . . . ,n. (7) 



Remark that 2.6), 2.b) and (7) holds for i = n where p n +i = Pi- 

For every point Pi, i — 1, . . . , n, we consider a disk D(pi,5) where < 5 < Cq 
chosen small enough so that, (see Figure 1): 



3.6) Int P \ U k=l D{p kl 5) is a simply connected set; 



3. b) Dfa, 5) U D(p i+1 , 5) C V* = 1, . . . , n; 
S.c) D(pi,5) n D(p k ,5) = 0, Vi = 1, . . . ,ra, and fc 7^ i; 
v^max^r^l/^s^))!} < 1, Vi = 1, . . . , n; 

5.e) v^ maX ^ { ' i^"^ 5 ^'"' 1 < 1, Vi = 1, . . . ,n; 

3J) v / 5max Iwy {||0 o ||}<l,V7=l,...,n. 
We finish these previous steps defining I as 

I = sup inf {Euclidean length of a : a is a curve in 

zeIntP\U% =1 D(p k ,6) (g) 

Int P \ U k=1 D(p k , 5) with origin and ending at z] + 2tt5 + 5+1. 
Observe that 5 depend on eo and 6>i, . . . , 9 n . 
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4.1 The first inductive process 

In this process, we will modify the Weierstrass date of X, 0°, to produce a sequence 
of n new Weierstrass data 1 , . . . , n . In the i th step, we modify 4> l ~ l on the disk 
D(pi, 5) to obtain a new Weierstrass representation 0* with a pole at pi that is close 
to l_1 outside some neighborhoods of pi, . . . ,pi, (see next Property (A6)j). To do 
this we will use the Lopez- Ros transformation in the orthogonal frame S(pi). At 
the same time, we have to have a control on 0* along the segment Pi(pi + 8) (see 
property (A7);, (A8)* and (A9)i). 

When we have 1 , . . . , n , we are going to define a simply connected domain Q 
that contains Int P and does not contain any poles of 1 , . . . , (f> n . Then Xi(z) = J* 0*, 
z G f2 is well defined for all i = 1, . . . , n. From (A6)j, we have that and are 
close outside D(p i) 5) (see property (Pl)»). In particular X n are close to X x outside 
\ U% =1 D(p k , S). As l has a pole at p^, we obtain a point Oj that is close to p, L 
and verifies (A7)j, that is, ||X n (aj)|| is greater than r + s, (see property (P4)j). The 
control that we have on <p l along the segment Pi(pi + 5) implies that X n (a,i) is close 
to X n (a i+ i) (see property (P3)j). This fact will be crucial along the second inductive 
process, Section 4.2. 

We are going to construct in a recursive way a sequence = {<p\ hi, Ci, Gi, Di} , 
i — 1, . . . , n, where: 

4-d) (ft 1 : W — > C 3 is a Weierstrass representation with poles at Pi, ■ ■ ■ ,pf, 
4-b) ki is a suitable positive constant; 

4-c) di is a point lying on the segment piq^ where qi = Pi + 5; 

4-d) Ci is an open arc of a circumference centered at pi with G Q; 

^.e) Gj is the closed annular sector bounded by Ci, a piece of dD(pi,5) and two 
radii as Figure 2 indicates; 

4-f) Di is an open simply connected subset of C verifying Di n Gj = and 

fe, Wi =pi- kidi] C Di C Di C D(p h 5). 



Remark 1 In what follows, we will use the convention that ^ n+ \ = ^i- 
The above sequence is constructed in order to satisfy the following properties: 
(Al)i V5m&Xp^{\f^ :S(Pk)) \} < 1, k = i + l,...,n; 
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Figure 2: The points qi and ctj. 

(A2)i Vi ^ty ^ < 1, k = i + 1, ■ ■ ■ , n; 

(Adj, zA s |/ w o, s(pfc)) (p fc )| <e , K-i + L,...,n, 

(A4)j || Re J a 0*|| < e , e where a 2 is a piece of Cj joining a, and 2; 

(A5)j In the orthogonal frame S(pi), one has <p\ = 03 _1 ; 

(AO)* H^)-^- 1 ^)!! <%VzeW\(D( Pi ,5)U(ui- = \D k )y, 

(A7)j Using the frame S'(pj), we have ||(Re f_0i)ei + (Re J_0|)4|| > As'; 

(A8)i In Sfa), one has ||(Re/_0i)el + (Re /_0|)e^|| < AV, G G 4 ; 

(A9), || Re r_0* - Re j_ „ ; o ; • || < e (4AV + 12), i = 2, . . . , n + 1. 

All the above properties are true for i = 1, . . . , n, except for Properties (Al)j, (A2), 
and (A3)i that hold only for % — 1, . . . ,n — 1. In the same way, Property (A9)j is 
valid for i — 2, . . . , n + 1 (see Remark 1). 

As we have mentioned at the beginning of this section, we proceed by recursion. 

Let 0° be the Weierstrass representation of X = X . Assume we have constructed 
^1, . . . , \J/j_i. We are going to construct 

Define the meromorphic data in the orthogonal frame S(pi), as follows: 

f(<f>\s( Pl )) = f(<pi-\S(pi))hi, g(4>i,s(pi)) = 9(^-\s(vr))l h u 

where 
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Furthermore, we assume that ki > is small enough to verify: 

f(4>i-i,S(pi))(w) ~ f(<t>i-\S( Pi ))(Pi) 



ki max 



w£D( Pi ,8) 



W-Pi 



< 1, (9) 



and (Al)j, (A2)j, (A3)j and (A6)j. It is possible because 0* — > 0* x , as fcj — > 0, 
uniformly onF\(%,5) U (ujZ^Dfc)) and (Al)i_i, (A2);_i and (A3);_i hold. In 
the case i — 1, notice that we have chosen 5 such that 3.cf) and 3. e) were true. 

Remark 2 TTie meromorphic function hi is close to 1 outside a neighborhood ofpi. 
The constant 9i has the effect of a rotation over hi, when z is close to pi. Outside a 
neighborhood of pi this "rotation effect" almost disappears. 

From the definition of <\> % , (A5)j trivially holds. 

We define a, as the first point in gjpi when we move along this segment from ^ 
to pi, and such that: 

^= AV - ( io ) 

Observe that f { ^, S {p t )){Pi) ^ and J_^| G R+ G ^p". 
Our next step consist of seeing the following: 



Re / <f)\(w)dw I e\ + I Re / 4> 2 (w)dw ) e\- 



Re/^o^^))^)^ e l + Im/ (0 o iS(Pi)) (pi)^ e* 2 ) 



<2e , (11) 



where z G ^Oj, and <p\ and 2 are expressed in the orthogonal frame S(pi). 

In other words, the first two coordinates in S(pi) of the curve z i— > Re f—(f)' l (w)dw, 

z G gia7, approximates the segment starting at in the direction of Re f(4>o,s(pi))(Pi)&i e \+ 

Imf ^0^)^)0; 



e%. 



i °2 



To get (11), for z G g^, we write: 
Re / 4>\(w)dw J + i ( Re / (f) l 2 (w)dw J = 



iff -J—. f t t„..\J ■ ■ dw 

\JqiZ J qiZ 



f^-\s( Pi ))Hhi(w)dw - J_f{4> i -\s{ Pi )){w)g (¥ -^ s{pi)) {w)j^ 
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kiOj 



= \ \ f(<P°,s( Pl ))(Pi)—^-dw + 



W-Pi 



+ \\ (fw-KSfaviPi) - f(4> ,S(pi))(Pi)) 



W-Pi 



-dw + 



W-Pi 



-dw + 



+ \ _f(<p- 1 ,s( Pi ))(w)dw - 

J qiZ 

- \ J_f^-\s( Pl ))(w)g 2 ^-i MPt)) (w)j^ 



(12) 

(13) 
(14) 
(15) 



To obtain an upper bound in (12) we use the definition of a« and Property (A3)j_i 
in the following sense: 



k-6- 

U\^-\s( Pt ))(vi) - h<p,s(pi)){pi)) % _ x 

qiZ w Pi 



dw 



< 



\f(4P,S(pi)(Pi)\ 

Now, we deal with (13). Taking (9) into account one has: 



/ U\^-\s(p t )){w) - f(4,i-i,s(pi))(pi)) 

J~q~[z w Pi 



ki@i j 

dw 



< 



< 5k j max 



weD(pi,8) 



/(^- 1 ,5( Pi ))( W ) ~ f(^-\S( Pl )){Pi) 



w-pi 



<5<e . (17) 



To get the same upper bound for (14), we use (Al)j_!, 



f{^-\s( Pl )){w)d 



w 



< <Jjaax{|/(^-i,s( Pi ))|} < VS < e . 

D(pi,S) 



(18) 



In order to bound (15), observe that \hi(w)\ 



ki \2 



w-p, 



) 2 + 2Re6i 



W—pi 



+ 1 > 



> a/1 — Re 2 6i = | Im^|, \/w £ qiPi. Therefore, (A2) i _ 1 leads us to 

dw 



< 



< 5 



max Dfc~7j{ I fw- 1 m) a^i- 1 , g(p<) ) I } < ^ 



Im 



<e - (19) 



Inequalities (16), (17), (18) and (19) give (11). 
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From (11) and the definition of a { we deduce (A7)j, and 



Re 



\ K + Re 



<?l2 



0o e 



< AV + 2e < X s , Vz eq~a 



(20) 



At this point, we are able to define -Dj, Cj and G{. 

Let be a simply connected domain with {pi,Pi — k{6i} C A C A C 5) 
and Dj fl g^ay = (this is possible because Im#j ^ 0, thus we have pi — kiOi £ Piql). 
Since (20), we can take Cj an open arc of a circumference centered at pi with a, G C, 
and small enough to verify (A4)j and (A8), on Cj, where Gj is the closed annular 
sector bounded by Cj, a piece of dD(pi, 5) and two radii, as it is indicated in Figure 
2. 

To check (A9)j, we write: 



Re / 0*-Re 

WH j <?i-11i-l 

3 







i-1 



E ( Re L^w) 4 - E ( Re / e !r 1 



< 



< 



E 

fc=i 



Re 



Re 



ii— 1 



H-iai-i 



y fc,S(p;_i) ) °fc 



(21) 



Next step consists of getting an upper bound for the three addends in (21): 
From (11), we have 



Re 



<!,<>, 



' / ^l,S(pi_i) 

J qi-iai-i 



[w)dw 1 e^" 



< 



< 



5 Re V,s(w))(Pi) < / ^ZVj e l- 



- ( iRe/(0o ) s( Pi _ 1 ))(Pi-i)0i-i 



ki-idw 



,«-l 



+ 4e c 
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using (10), 



A S — ; — — AS — 



\f(<t>°,S( Pi ))(Pi)\ 

< \ 2 s' 



+ 4e < 



Re f(<tfl,s(pi))(Pi)9i i Re/(0Q,5( ft -i))(p^i)^-i j 



|/(^°,S(Pi))(Pi)| |/(^°,S(pi_i))(Pi-l)| 



+ 



+ AV 



l/(0°,S(Pi_i))(Pi-l 



< AV 



f(4>°,S( Pi ))(Pi)0i /(</>°,S(p;_i))(Pi-l)0 



l/(«°,-S(pi))(P»)| l/(*°,S(pi-i))(Pi-l)l 

+ AV||ei -ei" 1 



l/(*°,S(Pi-i))(P»-l) 

+ 



+ 4e < 



Re /(0°,S(pi_i))(P' 



i-l, 



+ 4e < 



l/(*°,S(Pi-i))(Pi-l)l 

(7) and (5) apply and conclude: 

< 2A 2 s'e + 4e = e (2AV + 4). 
In the same way, we obtain a bound for the second addends in (21), 



Re 



< 



Re 



i-l 



qi-\cti-\ 



2,S(pi_i) ) °2 



J-l 



< 



h;dw 



- |lm f( < /fl,s( Pi . 1 ))ipi-i)0. 



i-i 



qi-idi- 



+ 4e < e (2AV + 4). 



To estimate the third addend in (21), we use the Properties (A6)fc, k — 1, . . . , i- 
1, and 3.f), 



Re / 



3,S(w) c 3 



9! a; 



Re 



i-l 



"Ji-lOi-l 



3,S(pi_i) I °3 



J-l 



< 



< 



Re 



Li-l 



Re 



0; 



<Ji-11i-l 



i-2 

3,S(pi-i) 



< 



<5 ( max { || max {||^- 2 | 
r»(Pi,5) r»(pi_i,5) 



< 



<5 I max |||0° 11} + max _{||0°||} + 2e o <2v / 5 + 25e <4e . 

C(Pi,5) £>(Pi-i,<5) 
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The above bounds imply (A9); 
Note that case % — n + 1: 



Re \_4>\,s{pr)( w ) dw ) e} - (Re / 4>l s{pn) {w)dw J e? 



< e (4AV + 12), 



can be proved in the same way. 

Afterwards, we have just defined a sequence of Weierstrass representation 0°, 
1 , . . . , (f) n verifying the above properties (Al) iv . .,(A9)j. 

Now, we are going to take a domain Q where immersions Xi(z) = Re J* (j) l (w)dw, 
Vi = 1, . . . , n are well defined and then become minimal immersions. Later, we will 
describe some properties of these immersion that we will use in the second process. 

We define Q as follows, (see figure 3): Let D % be a disk centered at pi containing 
D(pi,5) for all i = 1, ... , n, and let «j C D l \ D(p iy 5) be a simple curve connecting 
3D 1 fl <9(Int P \ Ul =1 D k ) to the point Let iVj be a small neighborhood of ai U q^al 
in GiU We define 

Q= (lntP\|jL> fe ) U (\jN k 

V k=i J \k=i 




Figure 3: The domain 



For suitable D l , ai and N iy the following properties hold: 
5. a) Q is a simply connected domain; 
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5.b) cfjOi C f2 and Int Pel); 

5. c) f2 does not contain any pi point and any zero of hi for alii = 1, . . . , n; 

5.d) sup^g^infj Euclidean length of a : a is a curve in Q with origin and ending 
at z} < I where / has been defined on (8); 



5.e) ttnD(p h 5) C G, t . 

Taking 5. a) and 5.c) into account, we can define n minimal immersions X±, . . . , X n , 

X : tt' -> R 3 



Xi(z) = Re / (j) l (w)dw, i = 1, ... , n, 
Jo 



where Q' is a suitable open neighborhood of Q. 

Consider an orthogonal frame Tj = {w\, w l 2 , w\} for every i — 1, . . . , n in such a 
way that 

"*=raSr (22) 

These orthogonal frames will use in the second process. 
We write Qj, « = 1, • • • , n as simple curves such that: 

6. a) Qi is connected, Qi = Qi and Qi D = for j 7^ i; 

#.&) Qi connects with Cj+i; 

fl.c) <9f2 is forme by the curves and pieces of C*; 

6.d) Q l C B l ; 



6.e) QinD(p k ,6) = for k <? 1}; 

We can suppose that f(x n ,Ti)( z ) 7^ 0, G Qi, Vi = 1, . . . ,n. To obtain this, 
we only need to make slight local modifications on the choice of Q. Note that 
the above modifications can be made in such a way that the properties of Q 
and Qi remain. 

Now, we see some properties of the immersions X±, . . . , X n for i — 1, . . . , n: 
(PI), \\Xi{z) - X^z)]] < a \/zeQ\D(p t ,5); 
(P2)j (Xj) 3 = (X i _ 1 ) 3 , in the orthogonal frame S(pi); 

(P3)j ||X n (aj) — X n (a i+1 )|| < e (4A 2 s' + 17). Observe that a n+1 = a x when i = n; 
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(P4)i \\X n ( ai )\\ > A(r + s); 



(P5)* ||X n ( ft ) - X n (z)|| < A 3 s' + 5e , VzG^n ft. 

Property (PI)* is a easy consequence of (A6)* and 5.d). On the other hand, it is 
straightforward to check (P2)* from (A5)*. 

Taking into account (PI), (A9)* + i and (4), we get (P3)* as follows: 

||X„(a*)-X n (a* +1 )|| < ||X*(a*) - X* +1 (a* +1 ) || + 2e < 



< 



Re 



- Re 



i+l 



2„/ 



||Xfe)-X m (g i+1 )||+2 eo < 



< e (4AV + 12) + || X ( qi ) - X (q i+1 )\\ + 4e < 

< e (4AV + 12) + 5e = e (4AV + 17). 

In order to prove (P4)j, recall that 

||A„(a*)|| > ||X(a*)||-e . 

We give bounds for the coordinates of Xj(a*) in S(pi) separately. Firstly, we bound 
the first and second coordinates. 



||(X*(a*))i, S ( Pl ) e i + (Mai)h,s(jH)ei\\ > 



> 



Re / </>\ )e\+ ( Re 



2 / °2 



||(Xfe)) 1 ei + (X(g l )) 2 e 2 || > 



using (A7)*, (4) and the definition of S(pi) in page 6, we have 

> As' - ||(Xo(<z*)) ie i + (A (g,)) 2 e l 2 || - e > 

> As' - ||(X (p*)) ie i + (X (p*)) 2 e^|| - 2e = As' - 2e > s'. 

Now, we get a bound for the third coordinate. We use (P2)* and Hypothesis (1) in 
the lemma: 

|(X(a*)) 3 | = |(X_ 1 (a*)) 3 | > |(X (a*)) 3 | -e > 

> |(X (p*)) 3 | -2e = ||X fe)|| -2e >r-2e . 

Then, one has 

||X n (a*)|| > v/( s ') 2 + (r - 2e ) 2 - e„ = 

= \/\*{r + s) 2 - 4e (r - e ) - e > A(r + s), 

that prove (P4)*. 
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To obtain (P5)j we consider the orthogonal frame S(pi). Let z G Cj fl ft. Using 
(A8)j, we have 

\\X n ( qi ) - X n (z)\\ < \\X i (q i )-X i (z)\\+2e < 



< 



Re \_4>\ )e\+ Re _4> l 2 )el 



+ _X i ( 2 ;))3 ) s (p . ) |+2eo < 

'3,S(pi)l 



< AV + |(X (5i) - X (^))3,s( Pi )| + 4e < AV + 5e . 



4.2 The second inductive process 

In the first process, we have obtained a immersion X n ; and we have only guaranteed 
that its norm is greater than r + s at the points (Property (P4)). In 

this second process, our objective is increasing the norm of X n around the whole 
boundary of ft in order to satisfy its norm is greater than r + s. So, we will modify 
the immersion X n to produce a sequence of minimal immersions Y 1 , . . . , Y n defined 
on ft. In each step, we take certain small neighborhoods, Q\ of the curve Qi\ and 
modify the Weierstrass representation of Yj_i, ip 1 " 1 , on Qf, to get a new minimal 
immersion Fj. Yj and Yi-\ are close on fl\Q^, and the intrinsic metric of Yj increase 
on with respect to Y-i- From this, we obtain that the norm of Yj is greater 
than r + s around Qi- To do this, we use the Lopez- Ros transformation in the set of 
Cartesian coordinates Tj and Runge's theorem. So, note that the third coordinates 
of X n (a,i) and X n (a i+1 ), in the frame Tj, are close and greater than r + s. This fact 
will be decisive in Section 4.3. 

Previously, we define a collection of neighborhoods of the arcs Cj and a collection 
of neighborhoods of the curves Qf. 

For alH = 1 . . . , n, let Cj be an open neighborhood of Cj, small enough to satisfy: 

\\X n (z) - X n { ai ) || < 3e , e Cj n n (23) 

We can take Cj verifying the above because, using (A4)j, for all z E C i: \\X n (z) — 
X n (oi) || < \\Xi(z) - Xi(ai) || + 2e < 3e . 
We define < e x such that 

2ei<|min{|/ (Xn , Ti) |}, Vi = l,...,n. (24) 

Observe that from 6.f), min Qi {|/ (XniTi) |} ^ 0. 

For all % — 1, . . . , n, we define Cjf = {-2 G C : dist(z, Qj) < £}, where dist(z, A) 
means the Euclidean distance between point z and set A. We assume that < £ is 
small enough to satisfy: 

7. a) Ql C ft'; 

7.6) QfHQf = 0,^j; 
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7.c) Q\ nD(p k ,5) = 0, for k#{i,i + l}; 

7.6) QicB*; 

7. e) Qf 2 and fl\Q^ are simply connected sets; 

7.f) For all z E Q t we have \ f (Xn ,n)(z) - f(x n , Ti )(x)\ < e x , G B(z,£/2); 

7.g) sup — —t inf{ Euclidean length of a : a is a curve in ft \ gf with origin and 
ending at z} < I. 

Label Y = X n . We are going to construct in a recursive way Y 1 , . . . , Y n , where 
Yi : Q' — > 1R 3 is a conformal minimal immersion with 1^(0) = verifying the following 
properties: 

(Bl)i (Y^ = (Y^t- 

(B2)t \\Y t (z) - Y^ll < f,Vz en\Qf-, 

(B3) 4 |/ W>3W (z) - f(Y^,T k) (z)\ <^,\/ze n\Ql for k = i + 1, . . . ,n; 

(B4)i | + ^r^y) max Q i{|/ (yi _ 1)Ti) ^ ( V i iiTi) |} + ^ max Q ,{|/ (Yi _ liTi) |}) < 1; 

(B5)i |(^min Q ,{|/ (y0iTi) |}-l) >2(r + a) + l; 

where and z/j are certain positive constants. 

Assume we have F 0? Y\, ■ ■ ■ , Yi-i- We define Y { as: 

f(Yi,Ti) = /(Yi-uTjlh 9{Y t ,T t ) = 9(Xi^,T^)/lu 

where : C — > C is a holomophic non zero function verifying: 

• \li(z) -n\ < u u Wz e Qp; 

• \k(z) -l\<Vi, Vzen\ Ql 

The existence of this function [4] is a consequence of Runge's theorem. We define 
Yi as the minimal immersion that becomes from the above meromorphic data. 

We have assumed that T{ > is large enough and i/j > is small enough to satisfy 
(B2)j, (B3)j, (B4)j and (B5)j. It is possible because the Weierstrass representation 
of Yi_i uniformly converges to the Weierstrass representation of Yi, as z/« — > and 

Ti — > oo on f2 \ Qf. We take into account Property 7.g), to obtain (B2)j. 
Observe that (Bl), trivially holds. 
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4.3 Definition of Y 

Eventually, we define the open set U as U — Q and Y : U — > M 3 as Y = Y n . In this 
section, we are going to check that the immersion Y verifies all the claims of the 
lemma. 

Bearing in mind Int P C \ ((U% =1 D(p k , 5)) U (U£ =1 C^.)), Property (b) is a easy 
consequence of (PI) and (B2). 

The proof of the rest of claims of Lemma are nontrivial: 

Properties (a) and (c): To prove the existence of a polygon Q verifying (a) and 
(c), we only need to get the following: 

for all curve f3 with origin and ending at a 

point of dfl, there exists z' G f3 such that \\Y(z')\\ > r + s. 

We are going to see the above property. Let (5 C ft be a curve with (3(0) — 
and P(l) = z E dtt. 

First, we want to show that ||F n (z)|| > r + s, Wz G Cj, for i — 1, . . . ,n. Let 
z G Cj, we study three possibilities: 

• Suppose that z G Cj fl Qf, i G {1, . . . , n}. Then, considering T i; and using 
(B2), (Bl)i, (23), (22) and (P4);, we have 

IIWII > ||^(^)||-eo > \{Yi(z)) 3 \-e = |(y i _ 1 (z)) 3 |-e > |(y (^)3|-2e > 
> |(Yo(oj))3| - 5e = ||>o(ai)|| - 5e > A(r + s) - 5e > r + s. 

• Suppose that z G Cj fl Q\_ v Now, considering one has 

\\Y n (z)\\>\(Y (z))^_ 1 \-2e > 
and from (23), (P3)j_i and (P4)j_!, we deduce 

> KYoia^T^] -5e > |(y (ai-i)) 3l T i _ 1 | - e (4AV + 17) - 5e > 

> A(r + s) - e (4AV + 17) - 5e > r + s. 

Note that case Ci fl Qf t can be proved in the same way. 

• Suppose that z G Cj \ U^ =1 Q|. Therefore, 

11^)11 > 11^0^)11 -e > ||y (oi)|| -4e > A(r + s) - 4e > r + s. 
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This proves that > r+s, \/z G Cj. Hence, we can suppose that /JflQ = 0, 

Vi = 1, . . . , n. 

From 6.c), z Q G i = l,...,n. Let zi G f3 C\ dB(zo,£/2). Observe that 
zT^ C QJ 7 . Next, we give a lower bound for ||V n (-2o) — ^n(^i)||- We consider Tj, 
and write f' 1 = f( Y ^ 1 ,T i ), g L ~ x = 9(Y^ u T t )- Then, 



||y n (^o)-^i)|| > \\Y i (z )-Y i (z 1 )\\-2e > 



> 



21 20 



+i Re 



212Q 



+ 

-2e 



i-l^i-m 



-2e > 



./ 



i-l 



21 2 



1 

27; 



JzTzo JzTzo \n r «/ 



-2e > 



> 



f- 1 



212Q 



^max{|f- 1 (^- 1 )^|}+ 



Qi 



+u t max{\f- 1 \} + — ^- 

Q ^(ri-i/i) Q 



maxd/*- 1 ^- 1 ) 2 !} ) -2e > 



using (B4)j, we continue 



>klTi 



f- 1 



21 2 



1 - 2e . 



On the other hand, from (B3)i, . . . ,(B3)j_i, 7.f), and (24), we deduce 



/' 1 (w)dw 



2120 



> 



> 



/ dw 




JzTzo 





he 



21 20 



212Q 



> 



> 1(1/(^)^0)1 -6! - Cl ) > |(min{|/ (YoiTi) |} -2 Cl ) > 

> !min{|/ (YoiTi) |}. 
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Therefore, 

\\Y n (z ) - Y n ( Zl )\\ > \ rmn{|/ (Yo , Ti) |} - l) - 2e > 

and using (B5)j, we obtain 

\\Y n (z ) - Y n ( Zl )\\ > 2(r + s) + 1 - 2e > 2(r + s). (26) 

Indeed, one has ||F n (z )|| > r + s or ||F n (zi)|| > r + s. 

This conclude the proof of (25). Thus, there is a polygon Q verify (a) and (c). 

Property (d): Let z G IntQ \ Int P. We distinguish the five possible cases to 
prove this property: 

• Suppose that z £ (Ul =1 D( Pi ,8))U(U% =1 Ql). (PI), (B2) and (1) imply ||y n (z)|| > 
||X(z)|| -2e >r-2e > r - 3^. 

• Suppose that z G D{p u 5) \ Dl=iQk- We consider S(pi) and use (PI), (B2), 
(P2)i, then: 

\\Y n (z)\\ > 11X^)11-260 > \(X i (z)) 3 \-2e = 

= |(X i _ 1 (z)) 3 |-2eo>|(X(z)) 3 |-3e > 

and, from (4) and the definition of S(pi), one has 

> \(X( Pi )) 3 \ - 4e = \\X( Pi )\\ - 4e > r - 4e > r - 3^- 

• Suppose that z G D(pi,5) fl Q}. Now, we consider the orthogonal frame Tj, 
and obtain 

11^)11 > ||^)||-eo > |(y^)) 3 |-eo = 1(^-1(^)31-60 > |(yo(*)) 3 |-2e > 
> |(y (^)) 3 | - \(Y (ai)) 3 - (Y ( qi )) 3 \ - \(Y ( qi )) 3 - (Y (z)) 3 \ - 2e > 

Note that | (Y (a i )) 3> T i \ = ||lo( a i)ll- Since z G Gj, we can use (P4)j and (P5)j 
to get the following 

> A(r + s) - 2X 3 s' - 12e = A(r + s) - 2A 3 y/\*(r + s) 2 - r 2 - 12e > 

next we recall the definition of A on l.b), and s < r/100, then 

> r - 2>/(r + s) 2 - r 2 - 12e > r - 3\/ir. 
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• Suppose that z E D(p i+1 , 5) fl Q\ . We consider Tj. This case is similar to the 
former case: 

\\Y n {z)\\ > \(Y ( ai )) 3:Ti \ - \(Y ( ai )) 3 , Ti - (Y (a i+1 )) 3:Ti \- 

- \(Y (a i+1 )) 3 , Ti - (Xo(q i+1 )) 3 , Ti \ ~ \(Y (q i+1 )) 3 , Ti - (Y (z)) 3 , Ti \ - 2e > 

Here, (P3)j gives 

> A(r + s) - e (4A 2 + 17) - 2A 3 s' - 12e > r - 

Note that case z G D(pi,5) fl can be proved in the same way, considering 
T 

• Suppose that z e Q;\ U% =1 D(pk,5). We consider Tj. A similar computation 
gives 

\\Y n (z)\\ > \(Y ( ai )) 3 \ - \(Y ( ai )) 3 - (Y ( qi )) 3 \ - \(Y ( qi )) 3 - (Y (z)) 3 \ - 2e > 

> A(r + s)- A 3 / - 7e - \(Y ( qi )) 3 - (Y (z)) 3 \ 

and using properties (PI) and (4), we obtain 

> A(r + s) - AV - 10e >r- 3^. 

This completes the proof of the lemma. 
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